A strong analogy exists between heat exchangers and osmotic mass exchangers. The effectiveness -number of transfer units (-NTU) method is well-known for the sizing and rating of heat exchangers. A similar method, called the effectiveness -mass transfer units (ε-MTU) method, is developed for reverse osmosis (RO) mass exchangers. Governing equations for an RO mass exchanger are nondimensionalized assuming ideal membrane characteristics and a linearized form of the osmotic pressure function for seawater. A closed form solution is found which relates three dimensionless groups: the number of mass transfer units, which is an effective size of the exchanger; a pressure ratio, which relates osmotic and hydraulic pressures; and the recovery ratio, which is the ratio of permeate to inlet feed flow rates. A novel performance parameter, the effectiveness of an RO exchanger, is defined as a ratio of the recovery ratio to the maximum recovery ratio. A one-dimensional numerical model is developed to correct for the effects of feed-side external concentration polarization and nonlinearities in osmotic pressure as a function of salinity. A comparison of model results to experimental data found in the literature resulted in an average error of less than 7.8%. The analytical ε-MTU model can be used for design or performance evaluation of RO membrane mass exchangers. 
Nomenclature

Introduction
Many transport theories have been developed for reverse osmosis (RO) which describe the local transport of the pure water and solutes through a zero-dimensional membrane. However, because the feed stream becomes more concentrated along the length of the membrane, the local driving potential for water flux changes along the length as well. This indicates that the driving potential should be integrated over the membrane area in the streamwise dimension to more accurately determine the performance of the RO exchanger.
Mathematical models for the mass transport process through RO membranes have been developed and reviewed in detail in the literature [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . These models can be divided into three main groups: the irreversible thermodynamic models, where the local fluxes of solute and solvent are related to the chemical potential differences across the membrane [12] [13] [14] ; the porous flow model, which assumes that water both diffuses and advects through the membrane pores [1, 15, 16] ; and the solution-diffusion model, which assumes that both water and solutes diffuse between the interstitial spaces of the membrane polymer chains [11, 17, 18] .
The solution-diffusion model, developed by Lonsdale, Merten, and Riley in 1965 [17] , is one of the most useful models despite its simplicity and some drawbacks that have been discussed elsewhere [6, 18, 19] . Much research has been conducted on the physics of the solution-diffusion model [7, 18, [20] [21] [22] and many numerical studies have been applied to account for the more complex effects of concentration polarization, salt diffusion, and fouling [23] [24] [25] [26] [27] . Other studies have applied the solution-diffusion model for the design of RO modules such as spiral wound, hollow fiber, and crossflow long channels [25, [28] [29] [30] [31] [32] [33] . The solution-diffusion model has also been used together with relevant conservation laws to optimize the operation of RO systems and minimize the specific power consumption and cost of a plant [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] .
Song and Tay [33] developed an analytical model of an RO exchanger based on the solution-diffusion model for transport across the membrane and conservation laws for a crossflow configuration; osmotic pressure was linearized, zero salt passage assumed, and hydraulic losses were neglected. They found good agreement with experiments that they performed as well. The present work builds from a similar approach, but organizes the dimensional analysis into a clear framework that is analogous to that used for heat exchanger rating and design as has been done for other osmotic mass exchangers [44] .
Additionally, the present formulation better separates the physical variables and considers the effects of concentration polarization and the nonlinearity in osmotic pressure, both of which become significant when considering feed waters that are more saline than brackish water. Finally, the model is compared to a number of published datasets.
Analogy to a Heat Exchanger
An RO mass exchanger is a single-stream osmotic mass exchanger and is analogous to a single-stream heat exchanger. A single-stream exchanger is one in which the temperature or osmotic pressure of only one stream changes in the exchanger. In the heat exchanger shown in Fig. 1a , the temperature difference between hot steam and cold fluid is the driving potential for a differential amount of heat transfer. The resistance to heat flow per unit area is the reciprocal of the overall heat transfer coefficient, U. The exchanger shown here has a fixed hot-side temperature throughout the length of the exchanger, e.g., as it might in a condensation process.
The analogous system for an osmotic mass exchanger is the RO system shown in Fig.   1b . A saline feed solution with an osmotic pressure and a fixed high hydraulic pressure enters the left side of the exchanger. Along the length of the exchanger, permeate is forced through an ideal (zero salt passage) semi-permeable membrane, leaving the salts behind. At the exit of the exchanger, the feed is recovered as concentrated brine and the product is recovered as the accumulated amount of pure permeate. The driving potential for mass transfer is the difference in hydraulic and osmotic pressures. The resistance to the mass transfer per unit area is the reciprocal of the water permeability coefficient, A.
In heat exchangers, the effectiveness -number of transfer units (ε-NTU) method developed by Kays and London [45] is a well-known design tool which can either determine the required surface area of a heat exchanger for a fixed effectiveness and inlet conditions or determine the performance of the exchanger given the operating conditions and surface area. The method uses three dimensionless groups: the effectiveness, which is the ratio of actual heat exchange to the maximum heat exchange possible; a heat capacity rate ratio, which is the heat capacity rate of the minimum capacity rate stream divided by that of the maximum capacity rate stream; and the number of transfer units, which is an effective size of the heat exchanger. This paper develops an effectiveness -mass transfer units (ε-MTU) method for a crossflow reverse osmosis mass exchanger.  Hydraulic pressure drop along the length of each flow channel is negligible, so that the applied pressure difference between the channels remains constant.
Analytical Model for an RO Mass Exchanger
 Salt rejection is 100%, so that only pure water diffuses through the membrane. This is a reasonable assumption when one considers the high salt rejection currently found in commercial RO membranes [46] .
 The osmotic pressure of a stream follows van 't Hoff's equation so that it is linearly proportional to the local feed-side salt concentration. The permeate flow rate through a differential area of membrane is given by: ]. β is a streamwise average dimensionless correction factor which can account for concentration polarization effects and also, as seen later, nonlinearities in the osmotic pressure function. When neither effect is present,
Using van 't Hoff's equation for osmotic pressure
where w is the bulk stream salinity (mass of solutes per unit mass of solution) [g/kg] and C is a modified van 't Hoff coefficient [kPa-kg/g] (see Appendix Section A.1; nonlinearities in osmotic pressure are considered in detail in a later section). Therefore,
Conservation of solutes is applied for the feed side between the inlet and an arbitrary location along the flow channel:
At the same arbitrary location, conservation of mass requires that
Substitution of Eq. (5) into Eq. (4) yields
Under the assumed condition of 100% salt rejection, only pure water permeates though the membrane; hence the salinity and osmotic pressure of the permeate are zeros.
Substituting Eq. (6) into Eq. (3) and setting w p = 0 yields
We now proceed to cast Eq. (7) in a dimensionless form. Three dimensionless parameters are introduced for this purpose.
Recovery ratio, RR
The recovery ratio is a primary performance metric of an RO mass exchanger as it represents the amount of pure water recovered from the feed stream. In so far as the inlet mass flow rate is greater than the maximum amount of permeate that can be recovered, the recovery ratio should not be confused with the effectiveness which will be described in the next section.
Osmotic pressure ratio, SR
The osmotic pressure ratio is the ratio of the osmotic pressure at the feed inlet to the trans-membrane hydraulic pressure difference. This ratio should always be less than one since the hydraulic pressure difference must be greater than the feed osmotic pressure during RO operation.
Mass Transfer Units, MTU
The number of mass transfer units (MTU) is a dimensionless parameter for a membrane mass exchanger similar to the number of transfer units (NTU) used in heat exchanger design. The total membrane area, A m , is analogous to the total heat exchanger surface area; and A is the water permeability coefficient, which is analogous to the overall heat transfer coefficient in heat exchangers. The MTU parameter in this membrane-based mass exchanger plays the same role that NTU plays in -NTU analysis of heat exchangers.
Dividing Eq. (7) by m f ,in and substituting Eqs. (8-10) yields
With the boundary condition that when (at the inlet), Eq. (11) can be integrated to give the mass transfer units MTU as follows
where f R S  is a modified osmotic pressure ratio defined as (13) Alternatively, an explicit solution for the recovery ratio can be obtained from Eq. (12) as
where  is the Lambert, or omega, function in which ω(x) is the solution to x = ωe ω .
Equation (12) can be used to calculate the required mass transfer units (hence the effective membrane surface area) of an RO mass exchanger since it is an explicit relation of the form and the heat capacity rate ratio. However, additional derivation is needed to reach a parameter analogous to effectiveness. This will be developed in the next section.
RO Effectiveness
The effectiveness of the RO system can be defined as the ratio of the permeate flow rate actually achieved by an exchanger of a given size to the maximum possible permeate flow rate for a given hydraulic pressure and inlet osmotic pressure. The effectiveness, so defined, is the same as the ratio of the actual recovery ratio to the maximum possible recovery ratio. This definition is evident in Fig. 3 , where the recovery ratio reaches a maximum value for a given osmotic pressure ratio as the MTU becomes large. The exchanger effectiveness approaches one in this thermodynamic limit.
In the present section, we wish to derive a relation for the maximum recovery ratio in order to write an equation for the effectiveness. We note that the maximum permeate flow rate will be reached when the osmotic pressure difference between the feed and permeate rises to the point that the net driving potential ( ) equals zero at the outlet of the membrane channel. From Eq. (1), this fixes the outlet osmotic pressure (16) The relation between the inlet and outlet osmotic pressure can be obtained using conservation of solution and solute on the feed stream as follows (17) Substituting Eq. (16) into Eq. (17), the following relation for the maximum recovery ratio is obtained (18) Equation (18) gives the maximum recovery ratio as a function of the osmotic pressure ratio. Now, the effectiveness is defined as (19) Substituting Eq. (18) and (19) into Eq. (12), an expression for MTU as a function of the effectiveness can be obtained as given in Eq. (20): Figure 4 shows the variation of effectiveness with the mass transfer units for contours of osmotic pressure ratio where β = 1. 
This is analogous to the well-known limit for heat exchangers where the effectiveness is equal to NTU as NTU approaches zero [47] .
Determination of β via Numerical Model
The analytical solution given by Eqs. The zero-dimensional transport equation used in the numerical model, Eq. (22), assumes that the permeate stream is pure and includes a feed-side external concentration polarization modulus where k is the mass transfer coefficient in m/s [25, 48] .
The equations comprised by the numerical model were solved using Engineering Equation Solver [49] , a simultaneous equation solver which iteratively solves sets of coupled nonlinear algebraic equations. The number of elements (differential control volumes) was increased to 50 at which point the results were seen to be grid independent.
The total amount of permeate was calculated by numerically integrating the permeate The input parameters for the numerical calculation are given in Table 1 . The water permeability coefficient used is representative of a typical spiral wound seawater membrane [46] . Mass transfer coefficients are highly dependent on the spacer geometry unique to each RO membrane module used. A representative value of the mass transfer coefficient for a spiral wound RO module was found to be k = 3×10 -5 m/s using parameters found in [23] . To produce a representative k it is assumed that the flow within and MTU using inputs given in Table 1 . For seawater and concentrated seawater feed salinities, the recovery ratios would yield unphysical conditions for SR f = 0.1 and 0.2, so these cases are excluded. In certain cases, β may be less than unity because of the deviation in the linear and nonlinear osmotic pressure.
To determine the effectiveness from the numerical model, we once again note that the maximum recovery ratio, RR max , is achieved when the equality from Eq. (16) holds.
Applying conservation of solutes and solution to the feed stream yields the following expression:
The maximum outlet salinity, , is determined by Eq. (16) of which the osmotic pressure at the outlet, , is a function. The effectiveness can now be determined by Eq. (17) using the maximum recovery ratio defined by Eq. (23).
Effect of Osmotic Pressure Nonlinearity and Concentration
Polarization
In this section, we use the analytical and numerical models to show the effects of concentration polarization and nonlinearity in the osmotic pressure function.
a. Osmotic Pressure Nonlinearity
We first examine the deviation of the model's predictions for recovery ratio and effectiveness resulting from nonlinearity in osmotic pressure. For this comparison, the exponential concentration polarization modulus is not included in the numerical solution. Figure 7 shows the recovery ratio versus mass transfer units for varying osmotic pressure ratios. The black solid lines are the same curves displayed in Fig. 3 , and the circles and triangles are for the brackish water and seawater cases using the nonlinear function for osmotic pressure. As shown in Fig. 7 , the maximum deviation of the analytical result from the seawater numerical result is about 6.9% for SR f = 0.3. This is because for a high salinity feed stream (i.e., the seawater case), and at higher recovery ratio (RR = 0.65 at this large deviation), the exit brine has a very high salinity, hence the actual osmotic pressure deviates significantly from the linear model. Because the actual osmotic pressure is higher than the linearized pressure at high salinities (see Fig. A1 in Appendix), the amount of permeate is reduced and the maximum achievable recovery ratio declines. The maximum recovery ratio achievable also decreases when the nonlinear osmotic pressure is applied because the thermodynamic performance limit is a function of the outlet feed salinity. These linearization errors may be reduced by using a modified van't Hoff coefficient fitted to the osmotic pressure range of interest.
Deviations in recovery ratio for the brackish water case do not exceed 2% from the analytical model. This is because the osmotic pressure is nearly linear with salinity for low salinity feeds such as brackish water and municipal wastewater. Figure 8 shows the effectiveness as a function of MTU varying with osmotic pressure ratios for both the analytical and numerical cases. Again it is found that the greatest deviation associated with linearization is for high salinity feed solutions and low osmotic pressure ratios. For the seawater case, a maximum deviation of 6.5% was found for an osmotic pressure ratio of 0.3. For the brackish water case, a maximum deviation of 1% was found. The fourth case ( ) represents a system that has no concentration polarization but which includes the effect of osmotic pressure nonlinearity. Figure 9 shows that smaller values of k and SR f exacerbate the effect of concentration polarization on performance.
b. Concentration Polarization
Nondimensionalizing the exponential CP modulus from Eq. (22) for a zero-dimensional exchanger predicts this effect:
Looking at Eq. (24), we would expect that a higher feed salinity, i.e. higher inlet feed osmotic pressure, would likewise lead to a greater reduction in performance due to CP effects. Calculating the membrane area required using the parameters from 
Comparison to Literature Data
In order to validate the present work, we compare the numerical model results to experimental data collected by [33, [50] [51] [52] . In these experiments, a solution of sodium chloride is used as the feed solution. The mass transfer coefficient for each experimental run is calculated by [25] : (25) For simplicity, the mass transfer coefficient is considered to be an average value and is held as constant throughout the exchanger. The average Reynolds number is calculated as:
In the above equations, h is half of the feed channel height, the Schmidt number Sc is the mass diffusivity D divided by the kinematic viscosity ν and A c is the feed channel cross sectional area (membrane width times feed channel height). In some cases the membrane width was determined by dividing the membrane area A m by the membrane length. The osmotic pressure for aqueous NaCl was calculated from Eq. (A.4) with the osmotic coefficient ϕ provided by [53] . Figure 11 shows the measured recovery ratio versus the calculated recovery ratio using the present numerical model. It is apparent that the model predicts some data sets better than others. The data for which the model shows good agreement are: Van Wagner et al. [50] , who used NaCl and coupon sized membranes; Song et al. [33] , who used NaCl and spiral wound RO modules; and the low salt passage data from Prabhakar et al. [51] data, who used NaCl and two different cellulose acetate membranes one of which had low salt passage (SP) (~10%) and another which had high SP (~50%). Salt passage is defined as the ratio of the module outlet product salinity to the inlet feed salinity. Data which the model does not predict well were those associated with high SP membranes [51] because salt passage was not included in the present model. It must also be noted that a membrane length was not reported in [51] ; however, applying several guessed values spanning from 0.1 m to 10 m resulted in less than 1.3% change in mean error.
The maximum and mean error across all data, with the exception of the high salt passage data [51] , is 29.3% and 7.8%, respectively. The range of independent variables spanned by the validation is: 6.35E-4 < MTU < 1.78; 5.21x10 
Conclusions
The major conclusions of this paper are as follows:  The present model can be used to quantify the effects of feed-side external concentration polarization and nonlinearity in the osmotic pressure function on recovery ratio. The model can be used to estimate the amount of additional membrane area required to provide the same recovery ratio achievable by an ideal RO exchanger, provided the recovery ratio is at or equal to the maximum recovery ratio attainable by the exchanger.
 A mean error of 7.8% was found by comparing sets of experimentally obtained recovery ratios from appropriate literature sources and recovery ratios calculated from the present model.
A.1 Modified van 't Hoff Coefficient
The van 't Hoff equation [53] applies to dilute, ideal solutions and is given as:
where i is the van 't Hoff factor, R is the universal gas constant, T is the absolute temperature, and c is the molarity of the solution with units of mol solvent/m 3 solution.
Molarity can be expressed as a function of salinity, the density of the solution, and the molecular weight of the solute in units of g/mol:
Because the van 't Hoff equation assumes a dilute solution, the density in Eq. 
A.2 Derivation of Nonlinear Osmotic Pressure Function
From Robinson and Stokes [53] , the osmotic pressure for a solution composed of multiple solutes can be written as:
where ϕ is the osmotic coefficient; R is the universal gas constant; is the density of the solvent, in this case pure water; and is the molality of the j th solute in the solution. The molality of a solution [kg/kg-solvent] written as a function of salinity is
where w is the salinity of the solution, w j is the salinity of the j th solute, and M j is the molar mass of the j th solute with units of kg/mol. A table of seawater constituents, which we will call a recipe, is provided by Millero and Leung [54] where the salinity for each solute of seawater, w j , is given for a solution of a fixed salinity, w. To use the recipe, we note that w j can be scaled with a solution of variable salinity, w, by the following expression:
This scaling is substituted into Eq. (A.5) giving
Using the seawater recipe, the summed term on the right side of Eq. (A.7) results in a value of 31.841 mol/kg-solvent.
A correlation for the osmotic coefficient of seawater is given by Sharqawy et al. [55] and is valid between 0 and 200 o C and for salinities between 10 and 120 g/kg. The osmotic coefficient for a mixture, as described by Debye-Hückel theory, approaches a value of 1 with decreasing salinity and does so independently of temperature. Literature values and correlations of the osmotic coefficient and osmotic pressure for diluted seawater with a salinity of 10 g/kg and below which adhere to this proper physical limit are difficult to find. Therefore, an extension of the correlation provided by Sharqawy et al. [55] is proposed by use of the theoretical expression for the osmotic coefficient given in Eq. (A.8), Brønsted's equation [56] :
This expression is dependent on two constants, κ and λ. To find the value of these constants, Eq. (A.5) and its first derivative with respect to salinity are set to equal the 
